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Îïðåäåëåíèÿ

Îïðåäåëåíèå 1. Çàäà÷à Äèñêðåòíîãî ëîãàðèôìèðîâàíèÿ.

Äàíî: ãðóïïà G = 〈P〉, ord(P) = r , Q ∈ G .
Íàéòè: n ∈ {0, ..., r − 1} òàêîå, ÷òî Q = nP .

Îïðåäåëåíèå 2. Äâóìåðíàÿ Çàäà÷à Äèñêðåòíîãî

ëîãàðèôìèðîâàíèÿ.

Äàíî: ãðóïïà G ; P1,P2,Q ∈ G , N1,N2 ∈ N, Q = n1P1 + n2P2 äëÿ

íåêîòîðûõ (íåèçâåñòíûõ) n1 ∈ {−N1, . . . ,N1}, n2 ∈ {−N2, . . . ,N2}.
Íàéòè: n1, n2 òàêèå, ÷òî Q = n1P1 + n2P2.
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Àëãîðèòì ðåøåíèÿ äâóìåðíîé çàäà÷è äèñêðåòíîãî
ëîãàðèôìèðîâàíèÿ (Gaudry, Schost, 2004)

Ïîñòðîåíèå Äèêîãî è Äîìàøíåãî ìíîæåñòâ

T = {−N1, . . . ,N1} × {−N2, . . . ,N2},

W = {−N1 + n1, . . . ,N1 + n1} × {−N2 + n2, . . . ,N2 + n2}.

Ãåíåðàöèÿ ïîñëåäîâàòåëüíîñòåé

xiP1 + yiP2, (xi , yi ) ∈ T , i = 1, 2, . . . , (1)

Q + zjP1 + wjP2, (zj ,wj) ∈ T , j = 1, 2, . . . (2)

Ïîëó÷åíèå ðåøåíèÿ çàäà÷è

xkP1 + ykP2 = Q + zlP1 + wlP2, (3)

Îöåíêà ñðåäíåé òðóäîåìêîñòè
Ω = 2.36

√
N, ãäå N = (2N1 + 1)(2N2 + 1) [Galbraith, Ruprai, 2009]
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Ýôôåêòèâíî âû÷èñëÿåìûé ãîìîìîðôèçì è çàäà÷à
äèñêðåòíîãî ëîãàðèôìèðîâàíèÿ

Ýôôåêòèâíî âû÷èñëÿåìûé ãîìîìîðôèçì

ϕ : ϕ(g) = λg , ∀g ∈ G

Ãðóïïà G ðàñïàäàåòñÿ íà êëàññû ýêâèâàëåíòíîñòè

{g , ϕ(g), ..., ϕk(g)}

#〈ϕ〉 = 2
Ω = 1.45

√
N [Liu, 2010]

#〈ϕ〉 = 4
Ω = 1.0255

√
N [Liu, 2010]
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Ñëó÷àé #〈ϕ〉 = 6

Êðèâàÿ E çàäàíà óðàâíåíèåì y2 = x3 + b íàä ïîëåì Fp, p ≡ 1
(mod 3). Òîãäà ýíäîìîðôèçì ϕ(x , y) = (βx ,−y), ord(β) = 3
ðàâíîñèëåí óìíîæåíèþ íà λ : λ2 − λ+ 1 ≡ 0 (mod n), ò.å.
ϕ(x , y) = λ(x , y) è ïðè ýòîì èìååò ïîðÿäîê 6. Åñëè
Q = n1P + n2(λP), òî

ϕ(Q) = ϕ(n1P+n2(λP)) = n1(λP)+n2(λ−1)P = −n2P+(n1+n2)(λP) = Q2

ϕ(Q2) = −(n1 + n2)P + n1(λP) = Q3

ϕ(Q3) = −n1P − n2(λP) = Q4

ϕ(Q4) = n2P − (n1 + n2)(λP) = Q5

ϕ(Q5) = (n1 + n2)P − n1(λP) = Q6



Ñëó÷àé #〈ϕ〉 = 6



Ñëó÷àé #〈ϕ〉 = 6

ϕ(Q) = −n2P + (n1 + n2)(λP) = Q2



Ñëó÷àé #〈ϕ〉 = 6

ϕ(Q2) = −(n1 + n2)P + n1(λP) = Q3



Ñëó÷àé #〈ϕ〉 = 6

ϕ(Q3) = −n1P − n2(λP) = Q4
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Ñëó÷àé #〈ϕ〉 = 6

ϕ(Q5) = (n1 + n2)P − n1(λP) = Q6



Ñëó÷àé #〈ϕ〉 = 6

C (a, b) =

= {(a, b), (−b, a+b), (−(a+b), a), (−a,−b), (b,−(a+b)), (a+b,−a)}

T = {C (a, b) : −N1 ≤ a ≤ N1,−N2 ≤ b ≤ N2}

W = {C (n1 + a, n2 + b) : −N1

2
≤ a ≤ N1

2
,−N2

2
≤ b ≤ N2

2
}



Ñëó÷àé #〈ϕ〉 = 6

C (a, b) =

= {(a, b), (−b, a+b), (−(a+b), a), (−a,−b), (b,−(a+b)), (a+b,−a)}

T = {C (a, b) : −N1 ≤ a ≤ N1,−N2 ≤ b ≤ N2}

W = {C (n1 + a, n2 + b) : −N1

2
≤ a ≤ N1

2
,−N2

2
≤ b ≤ N2

2
}



Ñëó÷àé #〈ϕ〉 = 6

C (a, b) =

= {(a, b), (−b, a+b), (−(a+b), a), (−a,−b), (b,−(a+b)), (a+b,−a)}

T = {C (a, b) : −N1 ≤ a ≤ N1,−N2 ≤ b ≤ N2}

W = {C (n1 + a, n2 + b) : −N1

2
≤ a ≤ N1

2
,−N2

2
≤ b ≤ N2

2
}



Ñëó÷àé #〈ϕ〉 = 6



Ñëó÷àé #〈ϕ〉 = 6



Îöåíêà ñðåäíåé òðóäîåìêîñòè

[Galbraith, Holmes, 2010] Òåîðåìà

Ïóñòü åñòü íåîãðàíè÷åííîå êîëè÷åñòâî øàðîâ (îòëè÷àþùèõñÿ òîëüêî â

öâåòå) è N óðí. Ìû âûáèðàåì øàðû è ïåðåêðàøèâàåì èõ â êðàñíûé

èëè ñèíèé öâåòà ñ âåðîÿòíîñòÿìè qc(c = 1, 2) è áðîñàåì èõ â óðíû.

Âåðîÿòíîñòü ïîïàäàíèÿ â óðíó a ðàâíà qc,a è qc ′ ,a äëÿ êðàñíûõ è ñèíèõ

øàðîâ ñîîòâåòñòâåííî. Îæèäàåìîå êîëè÷åñòâî øàðîâ, êîòîðûå

íåîáõîäèìî âûáðàòü äëÿ òîãî, ÷òîáû ïîëó÷èòü ðàçíîöâåòíûå øàðû â

îäíîé óðíå, ðàâíî √
π

2AN
+ O(N1/4)

ãäå AN =
∑2

c=1 qc(
∑2

c ′=1,c 6=c ′ qc ′ (
∑R

a=1 qc,aqc ′ ,a))



Ðåçóëüòàòû

Òåîðåìà

Äâóìåðíàÿ çàäà÷à äèñêðåòíîãî ëîãàðèôìèðîâàíèÿ â ãðóïïå òî÷åê

ýëëèïòè÷åñêîé êðèâîé E ìîæåò áûòü ðåøåíà ñî ñðåäíåé

òðóäîåìêîñòüþ Ω = (0.97811 + o(1))
√
N ãðóïïîâûõ îïåðàöèé.



GLV

Q = (k1 + k2λ)P = k1P + k2λP

k1, k2 ≤ c
√
n


